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Abstract: In ﬂuidized-bed gas-phase polymerization reactors, several grades of
polyethylene are produced in the same equipment by changing the operating condi-
tions. Transitions between the diﬀerent grades are rather slow and results in produc-
tion of a considerable amount of oﬀ-speciﬁcation polymer. In this paper, the problems
of minimizing the transition time and the amount of oﬀ-spec material are considered.
It is shown that, in most cases, both the optimal steady-state operation and the
optimal grade transitions are determined by operational and process constraints.
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1. INTRODUCTION
Polyethylene is widely used today in a multitude
of products and is produced continuously in gas-
phase ﬂuidized-bed reactors (Choi and Ray, 1985).
The variety of polyethylene products call for the
production of various polymer grades, which can
be accomplished by changing the operating condi-
tions of the reactor. Often, a considerable amount
of oﬀ-speciﬁcation polymer is produced during
grade transitions (Debling et al., 1994). The goal
of this work is to analyze and characterize the
grade transition problem from the point of view
of minimizing the transition time or the amount
of oﬀ-spec polymer.
The grade transition problem has been studied
extensively. Debling et al. (1994) tested diﬀer-
ent grade transition operations using the simu-
lation package POLYRED. McAuley and Mac-
Gregor (1992) and Wang et al. (2000) calculated
optimal grade transition strategies in a gas-phase
ﬂuidized-bed reactor by applying the control vec-
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tor parameterization (CVP) method to approxi-
mate each manipulated variable proﬁle by a series
of ramps. Takeda and Ray (1999) also used the
CVP method to ﬁnd optimal grade transitions
for a slurry-phase loop reactor. However, in all of
the aforementioned works, the cost function that
is optimized corresponds to the integral squared
error from a pre-deﬁned transition trajectory and
not to an economic objective. In this work, the op-
timal grade transition problem will be formulated
using either the transition time or the amount
of oﬀ-spec material as the economic objective
function. Another important aspect will be to
interpret the various intervals that constitute the
optimal solution in terms of the objectives and the
constraints of the optimization problem.
The paper is organized as follows. Section 2 pro-
vides a brief description of the process and a sim-
pliﬁed mathematical model. In Section 3, various
grades are deﬁned and the steady-state operating
points that maximize production are computed.
In Section 4, the optimal grade transition problem
is cast into a dynamic optimization framework,
and the optimization results are discussed. Fi-
nally, conclusions are drawn in Section 5.
2. PROCESS DESCRIPTION
In this study, the polymerization of ethylene
in a ﬂuidized-bed reactor with a heterogeneous
Ziegler-Natta catalyst is considered (Choi and
Ray, 1985; Kiparissides, 1996). A schematic di-
agram of the reactor system is shown in Figure
1. Ethylene, hydrogen, nitrogen (inert), and cata-
lyst are fed continuously to the reactor. The gas
phase consisting of ethylene, hydrogen and nitro-
gen provides the ﬂuidization of the polymer bed
and transports heat out of the reactor through a
recycling system. A compressor pumps the recycle
gases through a heat exchanger and back into
the bottom of the reactor. The fresh feeds are
mixed with the recycle stream before entering the
reactor. The single pass conversion of ethylene in
the reactor is usually low (1− 4%) and hence the
recycle stream is much larger than the inﬂow of
fresh feeds. Excessive pressure and impurities are
removed from the system in a bleed stream at the
top of the reactor. Fluidized polymer product is
removed from the base of the reactor through a
discharge valve. The rate at which the product is
removed is adjusted by a bed-level controller that
keeps the bed level or, equivalently, the polymer
mass in the reactor at the desired set point.
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Fig. 1. Gas-phase polyethylene reactor.
A simpliﬁed ﬁrst-principles model (McAuley et
al., 1995; McAuley and MacGregor, 1991) of a
ﬂuidized-bed polyethylene reactor can be derived
under the following assumptions: (i) The gas and
solid phases in the ﬂuidized bed are well mixed;
(ii) The temperature in the reactor is uniform and
perfectly controlled at its set point; (iii) The time
lag associated with the recycle ﬂow through the
heat exchanger and recycle lines can be neglected;
(iv) The feed rates and valve positions can be
changed instantaneously. The balance equations
read:
Vg
d[H2]
dt
=
FH
mwH
− b[H2] (1)
Vg
d[I]
dt
=
FI
mwI
− b[I] (2)
Vg
d[M ]
dt
=
FM
mwM
− b[M ]− kpY [M ] (3)
dY
dt
= FY − OpY
Bw
− kdY − kf [H2]Y
+
khkfBw[H2]Y
khBw + kpmwMY
(4)
dBw
dt
= kp[M ]Y mwM −Op (5)
where [H2], [I] and [M ] are the molar concentra-
tions of hydrogen, nitrogen (inert) and monomer,
respectively. Y is the number of moles of active
catalyst sites in the bed. FH , FI , FM and FY are
the fresh feeds of hydrogen, nitrogen, ethylene and
catalyst, respectively. b is the pressure-dependent
volumetric bleed rate at the top of the reactor,
and Vg the volume of the gas phase. Bw denotes
the polymer mass in the reactor bed, and Op is the
outﬂow rate of polymer product from the reactor.
mwi are the molecular weights of the diﬀerent
species, i = {H, I,M}. kp is the reaction propa-
gation constant, kh the ethylene site reactivation
constant, kd and kf the deactivation constants for
the catalyst and hydrogen sites, respectively.
The pressure-dependent bleed rate is set via the
bleed valve position, Vp:
P = ([M ] + [H2] + [I])RT [atm] (6)
b =
RT
P
VpCv
√
P − Pv [m3/h] (7)
where P is the pressure of the gas phase in
the reactor, T the temperature, Cv the valve
coeﬃcient, and R the gas constant.
The speciﬁcation of polyoleﬁn products is often
characterized in terms of the melt index number,
i.e. the amount of melted polymer that can be
squeezed through a standard oriﬁce in 10 minutes.
It is an inverse measurement of viscosity that de-
pends on the molecular-weight distribution, tem-
perature, and the shear rate. The instantaneous
and cumulative melt indices, MIi and MIc, are
calculated as:
MIi = kT
(
k1 + k2
[H2]
[M ]
)3.5
(8)
d
(
MI
− 13.5
c
)
dt
=
1
τ
(
MI
− 13.5
i −MI−
1
3.5
c
)
(9)
where τ = Bwkp[M ]Y mwM is the solid-phase residence
time and thus the time constant for the cumula-
tive melt index MIc. kT is the chain transfer rate
constant, and k1 and k2 are melt index constants.
The distinction between the instantaneous and cu-
mulative melt indices is necessary since the poly-
mer chains are produced very quickly compared to
the residence time of the polymer in the reactor.
The numerical values of the model parameters and
the operating conditions used in this study are
given in Table 1.
Parameter Value
Cv(atm−0.5kmol/h) 27
k1 0.4
k2 0.33
kd(h
−1) 0
kf (m
3/kmolh) 316.8
kh(m
3/kmolh) 3600
kp(m3/kmolh) 306000
kT 0.166
mwM (kg/kmol) 28.05
mwH(kg/kmol) 2.016
mwI(kg/kmol) 28.00
R(atm m3/kmolK) 0.0821
Pv(atm) 17
T (K) 360
Vg(m3) 500
Table 1. Model parameters and operat-
ing conditions.
3. STATIC OPTIMIZATION OF GRADES
During steady-state production of polyethylene,
the goal is to maximize the outﬂow rate of poly-
mer while meeting operational and safety require-
ments. The optimization problem can be formu-
lated mathematically as follows:
max
Fi,Op,Vp
Op (10)
s.t. r.h.s of equations (1)-(5) = 0
equations (6)-(9)
MIc = MIc,ref
Bw = Bw,ref
Pmin ≤ P ≤ Pmax
Fi,min ≤ Fi ≤ Fi,max , i ∈ {H, I,M, Y }
Vp,min ≤ Vp ≤ Vp,max
Op,min ≤ Op ≤ Op,max
The optimal operating conditions for two grades
(A and B) are shown in Table 2 along with the
values of the upper and lower bounds used in
Problem (10). Though, in principle, Vp can be
manipulated between 0 and 1, industrially it is
preferable to have a non-zero bleed at steady state
to handle impurities. So, Vp,min = 0.5 is used here.
Clearly, increasing FM increases the production of
polyethylene, and thus FM is maximum. The pres-
sure is on its lower bound so as to minimize the
waste of monomer through the bleed, which ﬁxes
FI . FY is maximum to increase productivity, FH is
determined from the melt index requirement, Op
is set to keep the polymer mass at its reference
value, and the bleed rate Vp is minimum. Thus,
the six decision variables are determined by six
active constraints, an indication that the objective
function exhibits no curvature.
4. DYNAMIC OPTIMIZATION OF GRADE
TRANSITIONS
4.1 Grade Belt
Before addressing the dynamic optimization prob-
lem, it is important to introduce the concept of a
grade belt. In practice, it is common to specify a
polyethylene grade as a range of acceptable values
around the desired nominal value. This range cor-
responds to a grade belt for the cumulative melt
index: (1 − γ)MIc,ref ≤ MIc ≤ (1 + γ)MIc,ref ,
with γ a speciﬁed parameter (here, γ = 0.2).
The time at which MIc enters the desired grade
belt is denoted by tbelt. Through the deﬁnition of
the sign function s:
s =
{
1 for increasing MIc, A → B
−1 for decreasing MIc, B → A (11)
tbelt is deﬁned as the time for which
MIc(tbelt) = (1− sγ)MIc,ref (12)
4.2 Formulation of the Optimization Problem
The optimization is carried out under the follow-
ing constraints:
• Reactor operation must satisfy safety and
operational requirements. In contrast to the
static optimization problem, the polymer
mass is allowed to vary within bounds.
• The instantaneous melt index should not go
past the exterior limit of the grade belt,
sMIi(t) < s(1 + sγ)MIc,ref .
The optimization of two diﬀerent objective func-
tions is considered:
(1) Minimization of the time needed to get to the
grade belt, i.e. Jtime = tbelt .
(2) Minimization of the amount of oﬀ-spec ma-
terial during grade transition, i.e. Joff =∫ tbelt
0
Opdt.
It is common practice not to manipulate the
monomer and inert feed rates. Thus, throughout
the transition, FM is kept at its upper bound
and FI at its ﬁnal steady-state value. Among the
other decision variables, two sets of inputs are
considered:
Lower A B Upper Active
Bound Bound Constraint
MIc,ref (g/10min) 0.009 0.09
Bw,ref (10
3kg) 70 70
P (atm) 20 20 20 25
FH (kg/h) 0 1.1 15 70 MIc,ref
FI (kg/h) 0 495 281 500 Pmin
FM (10
3kg/h) 0 30 30 30 FM,max
FY (10
−3kmol/h) 0 10 10 10 FY,max
Vp 0.5 0.5 0.5 1 Vp,min
Op (103kg/h) 21 29.86 29.84 39 Bw,ref
Table 2. Optimal operating conditions and active constraints for grades A and B,
as well as upper and lower bounds used in Problem (10).
(1) Ufeed = {FY , FH} - only the feed rates are
manipulated,
(2) Uall = {FY , FH , Op, Vp} - the outﬂow and
bleed rates are also adjusted.
The four problems
(
(Jtime,Ufeed), (Joff ,Ufeed),
(Jtime,Uall), (Joff ,Uall)
)
are studied for both
transitions A → B and B → A. The optimization
problems can be stated mathematically as follows:
min
u(t),tbelt
Jtime or Joff (13)
s.t. (1)− (9)
MIc (tbelt) = (1− sγ)MIc,ref
sMIi (t) ≤ s (1 + sγ)MIc,ref
umin ≤ u (t) ≤ umax , u ∈ Ufeed or Uall
Pmin ≤ P (t) ≤ Pmax
Bw,min ≤ Bw (t) ≤ Bw,max
Parameter Min Max
Bw(103kg) 56 84
Vp 0 1
Table 3. Additional bounds used in the
dynamic optimization.
The bounds are given in Tables 2 and 3. Only the
problem of reaching the grade belt is detailed here.
Once the system is inside the grade belt, though
the material that is produced is acceptable, the
solution is not necessarily optimal in terms of the
production rate. Further transition to the optimal
operating point via tracking is required, but this
is not addressed in this paper.
4.3 Optimization Results
The numerical approach is described elsewhere
(Gisnas, 2002) and is not given here.
Solution with Ufeed = {FY , FH}
For the input set Ufeed, the optimal solutions are
identical for both objective functions Jtime and
Joff . The structure of the solution for the two
transitions is discussed next:
• Transition A → B: As shown in Figure 2,
the optimal solution consists of two intervals.
Initially, both the hydrogen and catalyst feed
rates are maximum to increase [H2] and thus
MIi as quickly as possible (8). Once MIi
reaches the upper limit of the grade belt, FH
is reduced to keep MIi on that limit until
MIc is inside the grade belt.
• Transition B → A: The optimal solution in
this case also consists of two intervals (Fig-
ure 3). Initially, the hydrogen and catalyst
feed rates are minimum to decrease [H2] and
the consumption of monomer, respectively,
thereby allowing MIi to decrease rapidly.
This, however, increases [M ] and with it
also the pressure. Once the pressure limit
is reached, catalyst is added to promote the
reaction, thereby decreasing [M ] and keeping
the pressure at its limit.
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Fig. 2. Optimal proﬁles for the transition A → B
with the input set Ufeed = {FY , FH}
Solution with Uall = {FY , FH , Op, Vp}
For the input set Uall, the optimal solution is the
same for both objective functions, except for the
outﬂow rate Op in the transition A → B. The
structure of the solution for the two transitions is
discussed next:
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Fig. 3. Optimal proﬁles for the transition B → A
with the input set Ufeed = {FY , FH}
• Transition A → B: With the objective func-
tion Jtime, the optimal policy has four in-
tervals (Figure 4). Initially, FH and FY are
maximum and the bleed valve is completely
closed. At the same time, Op is maximum to
reduce the polymer mass in the reactor as
quickly as possible. Once Bw has reached its
lower limit, Op is adjusted to keep it there.
The third interval starts when the pressure
reaches its upper limit. The bleed valve is
then opened to about 60% to keep the pres-
sure there. Eventually, MIi reaches the upper
limit of the grade belt. A reduction of FH is
then necessary to keep MIi on that limit.
Also, the bleed valve opens completely.
When Joff is optimized, the only diﬀer-
ence is that the polymer mass is not reduced
to its minimum, but to some intermediate
compromise-seeking value. The reason for
this will be discussed later.
• Transition B → A: As shown in Figure 5,
only three intervals are needed. For all three,
the bleed valve is fully open and FH is turned
oﬀ to reduce [H2] as quickly as possible. FY
is set to zero initially in order to reduce
MIi. Furthermore, Op is maximum to reduce
the polymer mass. Once Bw has reached its
lower limit, Op is adjusted to keep it there.
The third interval starts when the pressure
reaches its upper limit. The pressure is kept
there by increasing FY .
In this case, the optimal transitions using
Jtime and Joff are identical.
A compromise-seeking interval exists for the ma-
nipulated variable Op in the transition A → B
when the objective function Joff is used. This can
be explained as follows. Increasing Op has two op-
posing eﬀects on Joff : (i) A smaller polymer mass
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Fig. 4. Optimal proﬁles for the transition A → B
with the input set Uall = {FY , FH , Op, Vp}
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Fig. 5. Optimal proﬁles for transition B → A with
the input set Uall = {FY , FH , Op, Vp}
results in a shorter solid-phase residence time and
thus quicker transition and less oﬀ-spec material;
(ii) Removing oﬀ-spec material from the reactor to
reduce Bw corresponds to a wasted opportunity.
If that material had not been removed, it could
have been mixed with better quality polymer to
produce useful product. A compromise between
these two eﬀects is sought through some interme-
diate value of Bw and a corresponding value of Op
in the A → B transition. In the B → A transition,
however, since the reduction in transition time
dominates the loss of material, this compromise
does not exist.
4.4 Summary of the Results
The results for the transitions A → B and B → A
are summarized in Tables 4 and 5, respectively.
For all policies, the times to reach the grade
belt and the amounts of oﬀ-spec material are
compared.
Ufeed does a fairly good job for the A → B tran-
sition. Including Vp and Op as additional manipu-
lated variables reduces the transition time tbelt by
less than 10% and the oﬀ-spec material by only 2-
3%. Also, a comparison of (Jtime, Uall) and (Joff ,
Uall) shows that the compromise-seeking value of
Op improves the amount of oﬀ-spec material only
marginally (by about 1%).
On the other hand, optimization using Ufeed does
not result in a satisfactory B → A transition. This
is because there is no simple way of quickly elimi-
nating the hydrogen when only ﬂow rates are used.
Thus, opening the bleed valve helps signiﬁcantly.
The improvement using Uall is therefore more
than 40% in both transition time and amount of
oﬀ-spec material.
Policy tbelt
∫ tbelt
0
Opdt
(Jtime, Ufeed) 6.53 h 194 103kg
(Joff , Ufeed) 6.53 h 194 103kg
(Jtime, Uall) 5.95 h 190 103kg
(Joff , Uall) 6.05 h 188 103kg
Table 4. Comparison of optimal transi-
tion policies for the transition A → B.
Policy tbelt
∫ tbelt
0
Opdt
(Jtime, Ufeed) 11.54 h 333 103kg
(Joff , Ufeed) 11.54 h 333 103kg
(Jtime, Uall) 6.81 h 200 103kg
(Joff , Uall) 6.81 h 200 103kg
Table 5. Comparison of optimal transi-
tion policies for the transition B → A.
5. CONCLUSIONS
Using a tendency model for a gas-phase ﬂuidized-
bed reactor, it was possible to show that the
optimal steady-state operating conditions are de-
termined by constraints related to the grade spec-
iﬁcation, the amount of polymer and the pressure
in the reactor, and the valve sizes.
Similarly, the optimal grade transition problem
is completely determined by process constraints,
except for one decision variable in one case (the
production rate seeks a compromise when the melt
index is increased while trying to minimize the
amount of oﬀ-spec material). In all other cases,
the optimal transition corresponds to a bang-bang
type solution.
The next step is to study how this qualitative
knowledge about optimal grade transitions can
be used for on-line implementation. The eﬀect
of model uncertainty and disturbances need to
be considered. If concentration measurements in
the gas-phase are available, a control scheme that
tracks the active constraints using simple feedback
control is a promising way to carry out grade
transitions (Srinivasan et al., 2003).
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